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Abstract 

Electron elastic-scattering phase shifts and cross sections along with the differential and total 
cross sections and polarization of low-frequency bremsstrahlung upon low-energy electron collision 
with endohedral fullerenes A@Cgo are theoretically scrutinized versus the nature, size and spin of 
the encapsulated atom A. The case-study-atoms A are N, Ar, Cr, Mn, Mo, Tc, Xe, Ba, and Eu. 
They are thoughtfully picked out of different rows of the periodic table. The study is performed 
in the framework of a model static approximation. There, both the encapsulated atom A and Cgo 
cage are regarded as non-polarizable targets. The Cgo cage is modeled by an attractive spherical 
annular-potential well. The study provides the most complete initial understanding of how the 
processes of interest might evolve upon electron collision with various A@Cqq. Calculated results 
identify the most interesting and/or useful future measurements or more rigorous calculations to 
perform. 

PACS numbers: 34.80.Bin, 34.80.Nz 


1 


I. INTRODUCTION 


Electron elastic scattering and bremsstrahlung (a process of emission of radiation upon 
collision of electrons with matter) on quantum targets are important fundamental phenom¬ 
ena of nature with significance to both the basic and applied sciences and technologies. Yet, 
to date, the knowledge on these phenomena upon electron collision with such important 
quantum targets as endohedral fullerenes A@Cgo is largely lacking. Endohedral fullcrenes, 
(also referred to, interchangeably, as endohedral atoms or just fullerenes in the present paper) 
are nano-structure formations where an atom A is encapsulated inside the hollow interior of 
a Cgo fullcrene. They are relatively novel and important objects of intense modern studies. 
In fact, the authors are aware of only one published work on the subject of low-energy elec¬ 
tron elastic scattering off A@Ceo [1]- Also, to the authors’ best knowledge, there seems to be 
an absence of a study of low-frequency bremsstrahlung by low-energy electrons scattered off 
A@C 60 endohedral fullerenes. It is the ultimate aim of the present paper (a) to get a broader 
insight into properties of low-energy electron elastic scattering off A@Cgo, (b) to provide the 
initial insight into features of electron low-frequency bremsstrahlung on A@Ceo, and (c) to 
explore to a greater extent how said properties and features might evolve with changing 
the size, softness, and spin of the encapsulated atom. To meet this goal, the authors pick 
typical representatives of atoms from the family of noble gases (namely, N, Ar, and Xe), 3d 
and 4 d transition-metals (Cr, Mn, Mo, and Tc), alkaline (Ba), and rare-earth (Eu) elements 
of the periodic table. As a result, the basic features as well as characteristic similarities 
and discrepancies of electron clastic scattering and low-frequency bremsstrahlung on var¬ 
ious endohedral fullerenes A@C 60 are revealed, interpreted, and detailed. The quantities 
subjected to this study are the low-energy electron elastic-scattering phase shifts and cross 
sections as well as the total cross sections, dipole angular-asymmetry distributions, and the 
angle-resolved degree of polarization of low-frequency bremsstrahlung. 


The present study also has a significance which is independent of its direct applicability 
to endohedral fullerenes. This is because it falls into a mainstream of intense modern 
studies where numerous aspects of the structure and spectra of atoms under various kinds 
of confinements are being attacked from many different angles by research teams world-wide. 


This has resulted in a huge array of unravelec 
number of publications to date, see reviews 


effects and data being accumulated in a large 
7] (and references therein). There, one finds a 
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wealth of information on properties of single-electron, two-electron and many-electron atoms 
confined by impenetrable spherical, spheroidal, as well as open boundary potentials (e.g., 
see review papers in jf]] by Aquino, p. 123; Laughlin, p. 203; Cruz, p. 255; Garza and Vargas, 


p. 241), oscillator potentials (e.g., Patil and Varshni 5|, p. 1), potentials limited 


boundaries (Ley-Koo 


Q, p .79). Deb^e potentials (Sil, Canute and Mukherjee 


3V conoidal 

A P- 115), 


fullerene-cage potentials (Dolmatov [6(, p. 13; Charkin et. al. [6|, p.69, Amusia et 


potential with dihedral angles (Ley-Koo and Sun {A p. 1), etc. The present study adds new 
basic knowledge to the existing collection of atomic properties under confinement. 

The interaction of radiation and charged particles with endohedral atoms is a complicated 
multifaceted process. This is in view of a great variety of various effects that contribute to 
the process. It is, therefore, both desirable and important to understand how each of the 
“facets” contributes to, and results in this or that effect in, the processes of interest, rather 
than to get only the cumulative result. In the present paper, we expose to light the impact 
of a “static facet” on e + A@Cgo elastic scattering and bremsstrahlung. This is achieved by 
considering these processes in the framework of an approximation referred to as the model 
static approximation in the present paper. In this approximation, the Cgo cage is modeled 
by an attractive spherical annular-potential well U c (r ) of certain inner radius r 0 , width A, 
and depth U$. The Cgo cage, thus, is regarded as a non-polarizable target. The encapsulated 
atom A is positioned at the center of the potential U c (r ) and is regarded as a non-polarizable 
target as well. The potential of A@Cgo is defined as the sum of the potential U c (r ) and 
non-local Hartree-Fock (HF) potential of the encapsulated atom A. The corresponding 
HF equation is then solved in order to determine the wavefunctions and electron elastic¬ 
scattering phase shifts upon e + A@Cgo collision. Note that this approximation, where 
the Cgo is modeled by the the potential U c (r ) with the atom A being at the center of the 
potential, has been used for the study of the interaction of photons and charged particles 
with endohedral fullerenes A@C 60 on numerous occasions to now, see, e.g., mm (and 
references therein). Also, the replacement of the Cgo cage by the same potential U c {r ) was 
employed in work 13] for the study of electron elastic scattering off empty C 60 as well. In 
the same work, the study of e + Cg 0 scattering was paralleled by the calculation performed in 
the framework of a sophisticated ab initio molecular-Hartree-Fock approximation combined 
with the Schwinger multichannel scattering theory. The work 13] provided a thorough, 
detailed comparison of calculated results for the e + C 60 scattering phase shifts as well as 


•al. |s]), 
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partial and total elastic-scattering cross sections obtained in the frameworks of these two 
approximations. A reasonable qualitative, and even semi-quantitative, agreement between 
some of the most prominent features of e + C 60 elastic scattering, predicted by the two 
calculations, was demonstrated. Such agreement speaks in favor of the overall usability of 
the f/ c -model-potential approximation to electron-fullcrene collision. 

In the present work, the electron collision energy e is assumed to be sufficiently small 
(e < 15 eV). At such energies, the electron wavelength A > 3 A. It, thus, exceeds noticeably 
the bond length D ~ 1.44 A between the carbon atoms in Cgo- Correspondingly, the incom¬ 
ing electrons will “see” the Cgo cage as a homogeneous rather than “granular” cage. This 
justifies the modeling of the Cgo cage by a smooth potential, in general, such as the above 
introduced potential U c (r), in particular. Furthermore, in the present work, the emphasis 
is on low-frequency bremsstrahlung, oj —> 0. In the latter case, (a) the bremsstrahlung phe¬ 


nomenon can easily be attacked in the framework of a low-frequency approximation 21] and 


(b) the contribution of a tricky “polarization bremsstrahlung” amplitude 15l Il7| (and ref¬ 
erences therein) can be safely excluded from the study. (The “polarization bremsstrahlung” 
amplitude is the amplitude of the photon emission by a target during its dynamical polar¬ 
ization by an incoming electron). 

In summary, the model static approximation employed in the present paper for the study 
of both low-energy electron elastic scattering and low-frequency bremsstrahlung upon e + 
A@C 60 collision is overall reasonable. Its drawback is the omission of accounting for electron 
correlation in the e + A@Cgo system (or, which is the same, the omission of polarization of 
the Cgo cage and/or atom A by an incident electron). However, first, a thorough description 
of electron scattering and bremsstrahlung on a multielectron target is too challenging for 
theorists even with regard to a free atom, not to mention a A@Cgo target; the development of 
a a corresponding comprehensive theory is for future years. Second, in order to understand, 
interpret, and appreciate the impacts of correlation and other omitted effects on e + A@C 60 
elastic scattering and bremsstrahlung one does need to know how the processes develop 
without accounting for such effects. The present study provides researchers exactly with such 
knowledge. Moreover, the model static approximation allows one to uncover characteristic 
properties of the investigated phenomena which do exist without regard for details of bonding 
between the 60 carbon atoms of the Cgo cage, etc. In a sense, the present work unveils some 
of the most basic intrinsic properties of low-energy electron elastic scattering and electron 
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low-frequency bremsstrahlung off H@Ceo fullerenes. It identifies the most interesting and/or 
useful future measurements or more rigorous calculations to be performed in order to advance 
this field of study. 


II. THEORY 

In the present work, the Cgo cage is modeled by a spherical annular-potential well, U c (r ): 

—U 0 , if r 0 < r < r 0 + A 



( 1 ) 


otherwise. 


0 


Here, r 0 , A, and Uq are the inner radius, thickness^ and depth of the potential well, respec¬ 
tively; their magnitudes are borrowed from Ref. [13|. Namely, A = 2.9102 a 0 (do being the 
first Bohr radius of the hydrogen atom), r 0 = R c — (1/2)A = 5.262 a 0 (R c = 6.7173 a 0 


being the radius of the Ceo skeleton), and Uq = 7.0725 eV (found by matching the electron 


affinity EA = —2.65 eV of Cgo with the assumption that the orbital momentum of the 
2.65-eV-state is £ = 1). These values of the adjustable parameters are most consistent with 
the corresponding observations. 

Next, the wavefunctions cr) = r _1 P n ;(r)Y^(6>, </>)y ms (a) and binding energies 

e n i of atomic electrons (n, £, me and m s is the standard set of quantum numbers of an 
electron in a central field, cr is the electron spin coordinate) are the solutions of a system of 
the “endohedral” HF equations [in atomic units (a. u. )]: 





( 2 ) 


Here, Z is the nuclear charge of the atom, x = (r, cr), and the integration over x implies 
both the integration over r and summation over cr. Eq. (J2j) differs from the ordinary HF 
equation for a free atom by the presence of the U c (r) potential in the equation. This 
equation is first solved in order to calculate the electronic ground-state wavefunctions of 
the encapsulated atom. Once the electronic ground-state wavefunctions are determined, 
they are plugged back into Eq. ([2]) in place of the 'il’j{x') and ipj{x) functions in order 
to calculate the electronic wavefunctions of scattering-states 'i^i(x) and their radial parts 
P^iti (r)■ Corresponding electron elastic-scattering phase shifts 6e(k) are then determined by 
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(3) 


referring to Pke(r) at large r 


Q: 


Pki(r) \l-sm (kr - ^ 


7T 


Here, k is the electron’s wavenumber [/c = |fc| = (2me/h 2 ) 1 ^ 2 , k and m being the electron’s 
wavevector and mass, respectively], Pke( r ) is normalized to 8(k — k'), where k and k' are the 
wavenumbers of the incident and scattered electrons, respectively. The total electron elastic¬ 
scattering cross section <r e i(e) is then found in accordance with the well-known formula for 
electron scattering by a central-potential held fis| : 


47T 00 

Oel (k) = + X ) Sin2 


(4) 


1=0 


A differential cross section da(uu) of bremsstrahlung into the frequency interval du, the 
direction of the photon momentum p p h = hq into the solid angle dkl q) and the direction of 
the momentum p' = hk' of a scattered electron into dklk' is defined as follows 19]: 

m 2 e 2 q i k' 


da(u>) 


(27r) 4 h 3 A; 


x 


f(i>k)*r^ k 'dr 


dudVt„dVLk'. 


(5) 


Here, %qc — Hu — -where c is the speed of light, e is the electronic charge, k' 

is the wavevector of the scattered electron, e q is the unit vector of the photon polarization, 


and are the wavefunctions of the incident and scattered electrons, respectively: 


n 


(2tt) 3 / 2 


i f ex P [±i^(A:)] 






, Pkl(r) 


( 6 ) 


In the above equation, 9k and <pk are the spherical angles of the electron wavevector k, 
whereas 6 r and (j) r are the spherical angles of the electron position vector r. 

Let us position the origin of a rectangular A"Y'Z-system of coordinates on the encapsulated 
atom A. Let us assume that the momentum p = hk of an incident electron lies along the 
Z-axis, pointing in its positive direction. Furthermore, in the final state of the system, let 
us measure the directions of both the momentum p p h = hq of an emitted photon and its 
polarization vector e q . The vector e q will be determined relative to a (p,p p h)~ plane, being 
either parallel (e 9 n) or perpendicular (e q± ) to the plane. Then, with the help of Eq. (151), 
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one can determine the corresponding differential cross sections da 1 - / dud£l q and da^/dud£l q 


into the unit intervals of uj and fL 


dcr J 


dudVt r 


1 da 
87 r dco 


M u ) 


da II 
dujdVt n 


1 da 


= 8^U^ 1 + ^ M[1 - 2P2(C0S ' 


(7) 


( 8 ) 


Here, P 2 (cosO) is the Legendre polynomial of the second order, 9 is the angle between the 
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Z axis and the photon momentum p p h, da/dco is the bremsstrahlung ang 

section (or, interchangeably, the spectral density of bremsstrahlung) 

angular-asymmetry parameter of bremsstrahlung: 

da 87 t 2 m 2 h 4 a 3 oj 3 
doj 3 e 4 pfp 3 


e-integrated cross 
, and (3(cu) is the 


LXJ 

x Y, [IDIM + (<+l)D| + iW 

e=o 


(9) 


/3(x>) = 


OO 

Y.{iDU + (( + i)D 2 M ) 


e=o 

00 


-1 


%-r 


x^(2^ + l)" 1 [{£+l)(£ + 2)D 2 

e=o 

+£(£ - 1)01, ~ M{£ + l)D t+1 D t _i 
x cos ( 8 t +1 - . 


( 10 ) 


Here, a is the fine structure constant and Dg±\ is the bremsstrahlung dipole amplitude: 


Dp±i — 


Pk',i±irPkA r ) dr - 


( 11 ) 


To determine the differential cross section da/dudVt q of unpolarized bremsstrahlung, one 
adds Eqs. (J7J) and (J 8 J) together and arrives at the known formula (see, e.g., 20 ]): 


da 


dudQr 


1 da 
47t du 


1 - -f3(u)P 2 (cosd) 


( 12 ) 


where the parameter (3(u) is given by the same Eq. (HU . 

Next, the parameter of the degree of the bremsstrahlung’s polarization, £3 (known as the 
Stokes third parameter), defined as the ratio of the difference between da ± (cu)/duidfl and 
da^(oj)/dudQ to their sum, takes the following form: 

/3[ 1 - P 2 (cosd)] 


( 3 ( 0 ) = 


2 — / 3 P 2 (cos 9 ) 


(13) 
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In the framework of the low-frequency bremsstrahlung approximation (uj —> 0), utilized in 
the present paper, e x ~ €{ (e; and €{ are the initial and final electron energy, respectively). In 
this case, the functions Pk,i(r) and Pk>e±i hi Eq. (TTIT) can 2l| be replaced by their asymptotic 


forms, Eq. (J3]). Correspondingly, one readily obtains, see, e.g., 20, 21]: 


1 / p \ ^ 

AttiMU-x) = ±- - sm[^(p) - $i±i(p)}. 

7r \mujJ 


(14) 


As was noted in the previous section, some of the encapsulated atoms of interest are 
N, Cr, Mn, Mo, Tc, and Eu. Theses are high-spin atoms, owing to one or two semihlled 
subshclls in their ground-state configurations: N(...2p 3 , 4 S') (with the single semihlled sub- 
shell 2p 3 ), Cr(...3d 5 4s 1 , 7 S) (with the two semihlled subshells 3d 5 and 4s 1 ), Mn(...3d 5 4s 2 , 6 S) 
(with the single semihlled subshell 3d 5 ), Mo(...4d 5 5s 1 , 'S) (with the two semihlled subshclls 
4d 5 and 5s 1 ), Tc(...4d 5 5s 2 , 6 S) (with the single semihlled subshell 4d 5 ), and Eu(...4f'6s 2 , 8 S) 
(with the single semihlled subshcll 4/'). Atoms with open as well as semihlled subshclls 
require a special approach to the calculation of their structure and spectra. A convenient, 
effective theory to calculate the structure of a semihlled shell atom is the “spin-polarized” 
Hartree-Fock (SPHF) approximation developed by Slater 22], The quintessence of SPHF is 
as follows. It accounts for the fact that spins of all electrons in the semihlled subshcll(s) of 
the atom (e.g., in the 3d 5 ^ and 4s 1 ^ subshells in the Cr atom ) are co-directed, in accordance 
with Hund’s rule, say, all pointing upward. This results in splitting of each of other closed 
ni m+1) subshells in the atom into two semihlled subshclls of opposite spin orientations, 
ni + ij- an d nl 2e+1 ^. This is in view of the presence of exchange interaction between nl\ 
electrons with only spin-up electrons in the original spin-unpaired semihlled subshcll(s) of 
the atom (like the 3d 5 ^ and 4s 1 |' subshells in the Cr atom) but absence of such for nil 
electrons. Thus, the SPHF conhgurations of the picked out semihlled-subshell atoms are as 
follows: 


N(...2s 1 t2s 1 |2p 3 t, 4 S), 
Cr(...3p 3 t3p 3 |3d 5 t4s 1 t, 7 S), 
Mo(...4p 3 t4p 3 |4d 5 t5s 1 t, 7 S), 
Mn(...3p 3 t3p 3 |3d 5 t4s 1 t4s 1 |, 6 S), 
Tc^.Ap^^iid^s^s 1 ^ 6 S), 
Eu(..,4d 5 t4d 5 |4/ 7 t6s 1 t6s 1 |, 8 S). 
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SPHF equations for the ground-state, bound excited-states and scattering-states of a 
scmifillcd shell atom differ from ordinary HF equations for closed shell atoms by accounting 
for exchange interaction only between electrons with the same spin orientation (b, f or 


b). To date, SPHF has successfully been extended to stuc 


off isolated semihlled shell atoms in a number of works 
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ies of electron clastic scattering 


25| (and references therein). In 


the present paper, SPHF is utilized for calculation both of the atomic and scattering states 
of A@C m endohedral fullerenes, where A is a semihlled shell atom. 

III. RESULTS AND DISCUSSION 


A. Valence orbitals of the encapsulated atoms A in A@C 


60 


The impact of the Ceo cage on the valence orbitals of the encapsulated atoms of interest 
is illustrated by Fig. [0 

Note that the 2p 3 b valence orbital of N@C6o, as well as the 3 p 6 valence orbital of Ar@Ceo, 
practically coincide with respective orbitals of free N and Ar. Even the 5p 6 valence orbital 
of a bigger Xe atom is only insignificantly altered upon its encapsulation inside of the C 60 
cage. Therefore, these atoms are referred to as the “compact” atoms in the present paper. 
In contrast, the valence orbitals of the Cr, Mn, Mo, Tc, Ba, and Eu atoms are significantly 
drawn into the potential well, i.e., into the region of the wall of Cgo- These atoms are to be 
referred to as the “soft” atoms. 

Next, note that the 4sb-orbital of Mn is drawn into the C@o wall noticeably stronger than 
the 4sb-orbital. Similar difference emerges between the 5sb and 5sb orbitals of Tc as well. 
This induces the transfer of a noticeable part of primarily the spin-down electron density 
from the encapsulated atom to the C 60 cage. Correspondingly, the C 60 cage becomes, as 
it were, “charged” by a spin-down electron density. This effect was originally spotted in 
Mn@C 60 [1], where it was named the “C 60 -spin-charging effect”. Later, it was detailed on a 


more extensive scale with an eye on the register of a quantum computer in 


26]. In contrast 


to Mn@C6o and Tc@Ceo, the Ceo cage becomes spin-up charged in Cr@Ceo and Mo@Ceo- 
This is because of a significant spin-up electron density drain from a 4sb spin-unpaired 
semihlled subshcll of Cr, or a 5sb spin-unpaired semihlled subshell of Mo, to the Cgo wall. 
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0 2 4 6 8 10 12 0 2 4 6 8 10 12 


Electron energy (eV) 


FIG. 1. Calculated -Pnst( r ) and -fW(r) radial functions (in atomic units) of the valence subshells of 


3 , 


closed-shell Ar@Cgo, Xe@Cgo, and Ba@Ceo atoms [1], as well as semifilled-shell Cr@Cgo, Mn@CgO) 
Mo@C 60 , Tc@C 60 , and Eu@C 60 3 atoms, and N@Cqo versus those of their free counter-parts, as 
marked; the spatial region 5.262 < r < 8.17 a.u. belongs to the wall of the Cgo cage. 


In contrast, the spin-dependent drain of the valence electron density does not take place in 
Eu@C 60 . This is because the 6s7 and 6s| orbitals are drawn into the C 60 cage equally. The 
latter, in turn, is because the 4f 7 t semihllcd subshcll of Eu lies much deeper relative to its 
6s 1 f and 6 s 1 ,], subshells than the nd 5 ^ spin-unpaired semihllcd subshcll of Mn and Tc relative 
their valence ns-subshclls. Correspondingly, the exchange interaction between the 4f7 and 
6st electrons in Eu is negligible, and there is no exchange interaction between the df'f and 
6s|. electrons. Hence, there is practically no difference between the 6s7 and 6sJ, orbitals 
of free or encapsulated Eu. As a result, the C 60 cage in Eu@C 60 is “spin-neutral”. Note 


that, as was argued in 


26], the Cgo-spin-charging can affect the manipulation of spins in the 


corresponding A@Cgo systems and that it must inhibit, or at least render more complex, 
the operation of the register of a fullerene-based quantum computer 27]. 

The above findings stir up one’s mind by way of wonder: (a) how sensitive is electron 
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elastic-scattering and bremsstrahlung to the size of a compact encapsulated atom?; (b) 
alternatively, how sensitive are these phenomena to the size of a soft encapsulated atom?; 
and (c) how sensitive are these phenomena to the spin of an encapsulated atom? 

The rest of the present work is motivated by the search for answers to the above questions. 


B. Electron collision with a closed shell A@Ceo: A = Ar, Xe, Ba 

1. Electron elastic-scattering phase shifts 


Calculated electron clastic-scattering phase shifts Sg(e) due to scattering off Ar@Ceo, 
Xe@C6o, and Ba@Ceo and, for comparison, off empty Ceo are depicted in Figs. [2] and [31 



0 10 20 30 40 50 60 70 

Electron energy (eV) 


FIG. 2. Calculated HF electron elastic-scattering phase shifts 6g(e) (in units of radian) (£ = s,p,d, 
and /) upon electron collision with Ar@C(jo, Xe@Ceo> Ba@C6o, and empty Cgo, as marked. 


Note that the depicted in Fig. [2] phase shifts differ significantly from the corre¬ 

sponding phase shifts for electron scattering off empty C 60 , with some exceptions at low 
electron energies. 
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0 10 20 30 40 50 60 0 10 20 30 40 50 60 


Electron energy (eV) 

FIG. 3. Calculated HF electron elastic-scattering phase shifts <^(e) (in units of radians) for £ > 4 
upon electron collision with Ar@Ceo, Xe@C6o, Ba@C60j and empty C6o> as marked. 

Additionally, interesting differences in 5^ @C60 s between different fullerenes emerge. The 
differences are mostly remarkable for d- and /-phase shifts. For example, the A^ r<sc<3 °, as 
a function of e, develops a broad minimum with decreasing e, whereas the corresponding 
minimum in ^ e ® C6 ° j s noticeably narrower than in S^ rUCeo . In contrast, as one moves from 
the compact Ar and Xe atoms to a soft Ba atom, one sees the emergence of the well-developed 
low-energy narrow maximum in §® a@C6 ° rather than a minimum. Talking about the /-phase 
shifts, one notices how a practically monotonic behavior of fi^ r ® c ' 60 versus e is replaced by 
the presence of the broad minimum in £Xe@c 6 o. The latter, in turn, changes to the much 
narrower minimum in <5(? a ® C60 shifted toward lower electron energies. This is illustrative 
of the sensitivity of the electron elastic-scattering phase shifts to the size and softness (or 
compactness) of an encapsulated atom. 

The authors will renew the discussion of the phase shifts with l < 3 later in this 

paper. At present, in order to continue the in-breadth discussion of the phase-shift topic, 
let us explore calculated data for <5f @C60 s and <5^ 60 s with l > 4, Fig. [3j 
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TABLE I. Calculated HF electron elastic-scattering phase shifts <^(e) (at e = 0) upon electron 
collision with empty Cgo and A@C6o (A = Ar, Xe, and Ba). 


i 



MO) 



C60 

Ar 


Xe 

Ba 

s 

7r 

47T 


67T 

67T 

p 

7r 

37r 


57T 

57r 

d 

7r 

7r 


37T 

37r 

f 

0 

0 


0 

7r 


Note that there are certain energy regions where 8 ^'f" 60 s and are indistinguishable 
from each other. This implies that an incident electron with i > 4 stops “detecting” the 
presence of an encapsulated atom inside Cgo, at given energies. For example, for £ = 4, the 
phase shifts upon electron elastic scattering off any of the considered fullcrenes are the same 
in the energy region of approximately 0 to 2.5 eV. At a greater energy, the graph for <5^ff C6 ° 
splits off the rest of the graphs. The splitting increases with increasing energy. In contrast, 
a close equivalency between ^f C60 , <5^f C6 °, and 8 ^= \ remains in the energy region up to 
e ~ 15 eV. Beyond this energy, it is the graph for 5^f C6 ° which splits off the graphs for 
£Ar@ C6 ° anf | < 5 ^ 6 ^ an( j spiking increases with increasing energy. In turn, the phase shifts 
f C60 and 8^1 4 remain equal to each other in a broader energy region, up to e ~ 25 eV. For 
higher orbital quantum numbers, l > 4, the energy region, where there is the equivalency 
between all phase shifts of interest expands noticeably with increasing t. For example, for 
compact Ar@C 60 and Xe@C 6 o as well as empty C 60 , corresponding phase shifts become and 
remain identical in the whole considered energy domain when the orbital quantum number 
reaches the value of £ = 9. For soft Ba@C 6 o, however, the situation is clearly different, and 
^Ba@c 6 ° rema j ns noticeably split off the rest of the graphs even at i = 9. Once again, the 
discussed results uncover the sensitivity of electron elastic scattering by A@Ceo to the size, 
compactness, and softness of the encapsulated atom. 

The authors now return to the previously postponed discussion of phase shifts <5^ C6 ° 
and for orbital quantum numbers of an incident electron i < 3 (see Fig. [2]) on a more 
detailed scale. 

First, let us focus the reader’s attention on the phase shift values at e = 0, see Table [B 
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In order to understand the behavior of phase shifts at e —> 0, let us refer to Levinson 


theorem 


18] which we write as follows: 


^(e)| £ ^o + qe)n. 


(15) 


Here, N nt is the number of occupied states with given £ in the ground-state configuration 
of a target-scatterer, whereas qe is the number of additional (if any) empty bound states 
with the same t which can accommodate (bind) an external electron. For the empty Cgo 
cage approximated by the annular potential, Eq. N ne = 0 for all £s. Therefore, from 
the calculated values of <5^ 6O (0), Tabled] one concludes that qe = 1 for l = s,p, and d, but 
qe = 0 for £ = /. The implication is that the confining potential U c (r) (or the C 60 cage 
itself) has the ability to bind an electron into a s-, or p- 1 or d-state; this was already noted 
in Ref. jl3]. In addition to results of Ref.[l3j], the present study predicts the existence of 
the s-, p-, and d-anions Ar@Cg 0 and Xe@Cg 0 , in the given approximation. Indeed, if one 
counts the number of occupied s-, p-, and d-subshells in Ar (N ne = 3, 2, and 0, respectively) 
and Xe ( N ni = 5,4, and 2, respectively), then, with the help of Eq. (fT5l) and Tabled] one 
easily Ends that q s = q p = q<i = 1 whereas qj = 0. For Ba@Cgo, however, the situation is 
somewhat different. Indeed, as shown in Table HI d^ a(aC60 (0) = 67 t, and there are exactly 
six s-subshclls in the Ba atom, i.e., N Us = 6. This makes q s = 0, for Ba@Cgo- The latter 
indicates the absence of a s-anion Ba@Cg 0 , in contrast to the situation for Ar@Cgo, Xe@Cgo, 
and Cgo- Next, note that dj a@C60 (0) = 7r, although there are no occupied /-subshells in the 
Ba atom. Hence, qj = 1. This predicts the existence of a /-anion Ba@C(f 0 , again in contrast 
to the case of the Ar@C 60 , Xe@C 6 o, and C 60 fullerenes. 

Furthermore, note that the plotted phase shifts have oscillatory structures throughout 
the whole energy region. For empty Cgo, this is due to interference between the incident 
electronic wave and electronic wave scattered off the C 60 cage. For A@C 60 , this is because 
of interference between the incident electronic wave and the electronic waves scattered off 
the Cgo cage and off the encaged atom A of the fullerene. 

What catches one’s eye, though, is the well-developed low-energy maximum in the d-phase 
shift , 5 ^ a ® c 6 o j n contrast to the low-energy minima in the d-phase shifts ^ c ® C6 ° and 5^ mCeo . 
Additionally, the noted minimum in i s much broader than the minimum in ^ c ‘ aC60 . 

Next, there is the well-developed low-energy minimum in the /-phase shifts ^ but 

much broader and shallower minimum in fi ^ c&C60 , and no such minimum emerges in ^ rtaC6 °. 
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It is not at all clear why the phase shifts behave like that. In the following, the authors 
elucidate the reason for the behavior of the phase shifts in question. 

It is found in the present study that, as odious as it may seem, the above observations 
can be understood in terms of a simple sum of a phase shift <5^ 60 due to electron scattering 
off empty C 60 and a phase shift 8 f upon electron scattering by the isolated atom A (recently, 


the other authors 


have come to the same conclusion as well). The above stated approxi¬ 


mation will be referred to as the independent-scattering approximation in the present paper. 
Correspondingly, 


y® c «°(e) ss <Sf* 0 *”(e) = 6f{e) + 


(16) 


The qualitative usability of Eq. (1IBD is evident from the comparison between plotted in Fig. [I] 
c 60 (dashed ii ne ) anc i <5^ @C6 ° (solid line). 



0 10 20 30 40 50 

Electron energy (eV) 


FIG. 4. Calculated HF phase shifts (in units of radian) Sf &Ceo , as well as 8 f® Ceo , Eq. (IIHI) . upon 
electron elastic scattering off Ar@C6o> Xe@Ceo, and Ba@Cgo as marked. 


One can see from Fig. [4] that, indeed 8 f <a>C6 ° cs 8f' aC6 °, to a good approximation, although 
not without exceptions. The exceptions are mostly noticeable for the s- and p-phase shifts 
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for electron scattering off Ba@Ceo below 5 eV. The Ba atom, however, is a less suitable atom 
to apply the independent-scattering approximation to. This is because Ba, in contrast to 
Ar and Xe, transfers much of its valence electron density to the Cgo cage. Anyway, one, 
of course, would be too naive to expect that the independent-scattering approximation is 
anywhere perfect. The usability of it, as one can see, is somewhat limited. 

Let us demonstrate how Eq. helps one to understand the emergence of the well- 
developed low-energy maximum in <5® a ® Cfi0 but the minimum in For this, let us 

explore Fig. [5] where plotted are the calculated HF free-atom d-phase shifts S* e and <5f a 
along with S^ 60 . 



FIG. 5. Calculated HF free-atom phase shifts (in units of radians) 5^ e , 6f a , and d^ 60 , as 
marked. 

One can see from Fig. [5] that, as e decreases down to approximately 10 eV, both 6* e and 
5j 60 increase slowly at about an equal rate. Thus, the $^ e ® Cfi0 phase shift should increase 
slowly with decreasing e as well, according to Eq. (fl6]h At lower energies, between e ~ 10 
and 5 eV, the free-Xe 5f e phase shift decreases at a greater rate than the increasing phase 
shift Sj 60 . Therefore, their sum starts decreasing in this energy region, and so should do 
^XcOCeo ag we n At yet lower energies, below e ~ 5 eV, however, the increase of <5^ 60 outpaces 
strongly the decrease of free-Xe 5% e . The sum of these two phase shifts starts increasing 
with decreasing e in this energy region, and so should do <5^ caC6 ° a s well. All of the above 
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results in the emergence of the minimum in ^ c ‘ aC6 ° below e ~ 10 eV. A close agreement 
between the thus predicted results for fi^ c@Cfi0 and calculated results obtained on the basis 
of the endohedral HF Eq. (J2]) was demonstrated in Fig. [4j 

A similar analysis of the sum of the free-atom d-phase shift df a and 5^ 60 (see Fig. [5]) can 
easily lead one to the prediction of a low-energy maximum in £® a@C6 ° below 10 eV. A close 
agreement between the thus predicted results for ^aSiCeo a nd calculated results obtained on 
the basis of the endohedral HF Eq. ([2]) was demonstrated in Fig. [4] as well. 

It now becomes clear that the emergence of the minimum in A^ e<a ' C60 but maximum in 
^BaOCeo, below e ~ 10 eV, is due to two reasons. First, this is because the free-Xe <5/p 
phase shift starts falling down at a higher electron energy (e ~ 11 eV) than the free-Ba 
<5f a phase shift (e ~ 2.5 eV). Second, this is because the decrease of <5f a occurs at a much 
greater rate than the decrease of 5^ e in the corresponding electron energy region. Thus, the 
discussed marked differences between ^ c& ° 60 an d ^ a ‘ aC6 ° are associated primarily with the 
individuality of the free-Xe and free-Ba d-phase shifts, at a given phase shift d^ 60 . 

It also becomes clear why the low-energy minimum in is broader than that in the 

above discussed ^ e@C6 ° (see Fig. [2]). This is because (see Fig. [5]) the decrease of free-Ar 
with decreasing energy occurs at much higher energies and at a noticeably slower rate than 
the decrease of free-Xe 5% e in the whole energy region. As a result, this leads to the broader 
and shallow minimum in than in <5^ e@C60 . 

It also becomes clear why there is the well-developed low-energy minimum in the /-phase 
shift £Ba@c 6 o, the much broader and shallower minimum in dj e@C6 °, but no minimum in 
^Ar<ac 6 o ( see pjg_[2]). This is because (see Fig. [5]) the decrease of free-Ba dj a with decreasing 
energy is sharper and occurs at the lower energy than the decrease of free-Xe 5j e . This 
decrease of in turn, is sharper and occurs at a lower energy than the decrease of free-Ar 
5f T . This induces the above noted differences between T^ a@C60 , ^e&c 60 ^ anc [ £Ar<ac 6 o_ 

2. Electron elastic-scattering and bremsstrahlung cross sections 

Calculated spectral density da/doj, angular-asymmetry parameter /3(e), and Stokes 
polarization-parameter C 3 ( e )| 6 »= 90 ° of low-frequency bremsstrahlung as well as total elec¬ 
tron elastic-scattering cross sections a^ uC60 due to electron collision with Ar@Cgo, Xe@Ceo, 
Ba@Cgo, and empty Ceo, are depicted in Fig. [61 


17 



FIG. 6 . Calculated HF a~ 3 uj^ (in atomic units), angular asymmetry parameter /3(e), and Stokes 
polarization parameter (( 3 (e) at 9 = 90° of electron low-frequency bremsstrahlung on A@C6o (A = 
Ar,Xe, and Ba) and empty Ceo> as well as corresponding total electron elastic-scattering cross 
sections (j^ @C6 ° and a^ 60 (in units of 20 clq), as marked. 


One learns from Fig. 0 that the bremsstrahlung parameters are strongly oscillating func¬ 
tions of electron energy e in the considered region of e < 15 eV. Also oscillatory functions 
of energy are the total electron clastic-scattering cross sections; the latter is in accordance 


with results of earlier works 


13]. What catches one’s eye, though, is the following. First, 
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the spectral density da A@c ' 60 / du of bremsstrahlung behaves quite differently than the total 
electron elastic-scattering cross section cr^‘ aC6 °, especially for the case of Ba@Ceo- Indeed, 
whereas the intensities of the first three maxima in each of (T^ uC60 are weakening with in¬ 
creasing energy, the intensities of the corresponding maxima in da A<<sC60 /du are, generally, 
not. Moreover, surprisingly, differences in the depicted bremsstrahlung parameters between 
the four systems - Ar@Ceo, Xe@Ceo, Ba@Ceo, and empty Cgo - are much more prominent 
than the differences between the corresponding total electron elastic-scattering cross sections 
(7ei. Indeed, e.g., there are practically no differences exist between a^ r(9C60 and a^ c@C60 , and 
both of them differ insignificantly from cx^ 60 in the whole energy region. This is indicative 
of a little impact of the presence of a “compact” encapsulated atom A on e + A@C 60 elastic 
scattering. On the contrary, noticeable, if not significant, differences in the bremsstrahlung 
parameters between all four systems are indisputable. The described results, thus, uncover 
that electron bremsstrahlung is more sensitive to the presence of a particular atom inside of 
C( 3 o than the corresponding total electron clastic scattering cross section. This is valid even 
if the encapsulated atom is a “compact” atom. The authors attribute this primarily to that 
fact that the spectral density of bremsstrahlung depends on differences between electron 
elastic-scattering phase shifts, whereas a'^° ( ' 60 depends on the absolute values of the phase 
shifts. 


C. Electron collision with high-spin A@C6(P A = N, Cr, Mn, Mo, Tc, and Eu 

1. N@C 6 o 

The nitrogen atom N(ls 1 tls 1 J,2s 1 t2s 1 J,2p 3 '|', 4 S) is the first atom with a multielectron 
semihlled subshell (the 2p 3 subshell) in the periodic table, thus being the smallest one among 
other high-spin multielectron atoms. N@Cgo, therefore, serves as a good starting sample for 
the discussion of electron collision with high-spin endohedral fullcrenes. Corresponding 
calculated SPHF electron elastic-scattering phase shifts are depicted in Fig. d 

Note how elastic-scattering phase shifts of incident spin-up electrons, t)^ 90 ® 0 , differ from 
those 5j|® C60 of spin-down electrons. This can be easily understood in the framework of 
the SPHF theory. Namely, the differences are primarily due to the presence (absence) of 
exchange interaction between incident spin-up (spin-down) electrons with the electrons of 
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FIG. 7. Calculated SPHF s-, p-, d-. and /-phase shifts (in units of radian), as marked. Solid 
lines, <^‘ aC60 s due to scattering of spin-down electrons off N@Ceo- Dashed lines, <5^ aC60 s due 
to scattering of spin-up electrons off N@Ceo- Dash-dotted lines, <5^ 60 s due to electron scattering 
off empty Cgo (these phase shifts are spin-independent in the utilized approximation). Dash-dot- 
dotted and dotted lines, the p-phase shifts due to electron scattering off spin-up and spin-down 
electrons, respectively, off free N. 

the spin-unpaired spin-up 2p 3 /-subshell of the atom. 

Furthermore, note particularly dramatic differences between the phase shifts <^® C6 ° and 
^ aCeo of the p\.- and ^/-scattered electronic waves. These phase shifts are seen to be 
taking different routes with decreasing e. Indeed, the <5^®°®° phase shift is, on the average, 
monotonically increasing to 5^ aC60 (0) = 27t with decreasing e. In contrast, the <5^® C ®° phase 
shift has a deep narrow minimum at e ~ 2 eV, after which S^® c ' 60 —» n at e —> 0. 

In order to unveil the origin of the dramatic difference between ^ aC ® 0 and 5^ aC6 °, let 
us exploit both Levinson theorem, Eq. (fT5]h and the independent-scattering approximation, 
Eq. (TT6|) . In accordance with the latter, <5^®^ 60 (e) ~ ^(t)( e ) + ^p 60 ( e )> where is the 

elastic-scattering phase shift of a spin-down(spin-up) electron upon its collision with a free 
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N atom. The free-N phase shifts 5^ and 5^ are depicted in Fig. [7] by the dash-dot-dotted 
and dotted lines, respectively. 

Note how starts, at e ~ 7 eV, abruptly dropping to a zero at e —* 0. This is in 
accordance with Levinson theorem, because there are no np\. bound-states either in the 
ground-state structure of free N or in the field of N, in the SPHF approximation. It is now 
easy to see that the sum of the two phase shifts <5^ and S^' 60 translates into the originally 
predicted low-energy minimum in ^ 9C6 °. 

Next, note that, in contrast to <5^, the phase shift <5^. —> n at e —> 0. This, again, is in 
line with Levinson theorem, because there is only one spin-unpaired spin-up subshcll with 
i = 1 (the 2subshell) in the nitrogen configuration. Correspondingly, this time, the 
sum of monotonically increasing 5^ and 5^' 00 translates into steadily increasing 5^®°®° with 
decreasing energy, thereby resulting in the marked differences in question between <5^® C6 ° 
and 

Next, a trial calculation showed that, for partial electronics waves with £ > 4, 5^ (aC60 rj 
( 5^® C6 ° ~ <5^®°. Therefore, because have already been plotted earlier in the paper, the 
phase shifts with i > 4 are not plotted separately in the present paper. 

Finally, the spectral density da^/dui, angular-asymmetry parameter /3|(p, and Stokes 
polarization parameter CsT(4-) 1 ^= 90 ° of low-frequency bremsstrahlung as well as the corre¬ 
sponding total electron elastic-scattering cross section cr e it(t) hue to collision of a spin-up 
(spin-down) electron with N@C 60 are depicted in Fig. 0 

One can see from Fig. 0 that the bremsstrahlung parameters, as well as <7 e qq) are strongly 
oscillating functions of electron energy e, as in the case of electron scattering off Ar@Cgo, 
Xe@C 60 , and Ba@C 60 . However, most interesting is that whereas a e q and cr e 4 practi¬ 
cally do not differ from each other, the differences between electron spin-up and spin-down 
bremsstrahlung off N@Cgo are significant. Once again we encounter the situation where 
electron bremsstrahlung is more sensitive, compared to the electron elastic-scattering cross 
section, to the presence of the atom inside C 60 . 


2. Cr@Ceo and Mn@C $o 

The first two atoms in the periodic table with a more capacious spin-unpaired semifilled 
subshcll in their ground-states than the 2p 3 f subshell of N are the Cr(...3d 5 74s 1 7, 7 S) and 
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FIG. 8. Calculated SPHF a~ 3 Lu^jj^ (in atomic units), angular asymmetry parameter /3-mp and 
Stokes polarization parameter C3t(i)|e»=90° °f electron low-frequency bremsstrahlung, as well as the 
total electron elastic-scattering cross section cr el ^n) (in units of 20 Oq) upon electron collision both 
with N@C 60 and CgQ) as marked. 


Mn(...3d 5 t4s 1 t4s 1 J,, e S) atoms. Both of them possess a spin-unpaired 3semihlled sub¬ 
shell. Additionally, the Cr atom has a second semihlled subshcll which is the ds 1 ! - subshell. 
Moreover, both atoms are soft atoms, in contrast to N. They donate a noticeable part of 
their 4s-valence electron density to the Cgo cage, making it “spin-charged”. The Cr atom 
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“charges” the Cgo cage by a spin-up electron density, whereas Mn “charges” the Ceo cage 
primarily by a spin-down electron density, as was discussed earlier in the present paper. 
Consequently, the study of electron collision with the Cr@C 60 and Mn@C 60 systems is an 
interesting case study. It allows one to learn about the modification of electron elastic 
scattering and bremsstrahlung versus (a) the increasing number of electrons in a scmihllcd 
subshell of an encapsulated atom, (b) the increasing number of scmihllcd subshclls in the 
atom, and (c) the ability of the atom to “spin charge” the Ceo cage either by a spin-up, or 
spin-down electron density. 

SPHF calculated electron elastic-scattering phase shifts of spin-up and spin-down elec¬ 
trons with £ < 3 due to collision with Cr@C 60 or Mn@C 60 are depicted in Figs. |U] and [TUI 
respectively. 



FIG. 9. Calculated SPHF s-, p-, d-. and /-phase shifts (in units of radian), as marked. Solid 
lines, jg™"* due to scattering of spin-down electrons off Cr@Ceo- Dashed lines, 5^j. 1@C60 s due to 
scattering of spin-up electrons off Cr@Ceo- Dash-dotted lines, <^? 60 s due to electron scattering off 
empty Ceo- Dash-dot-dotted and dotted lines, the free-atom d-phase shifts upon electron scattering 
of spin-down and spin-up electrons, respectively, off free Cr. 


23 

















FIG. 10. Calculated SPHF s-, p-. /-, and /-phase shifts (in units of radian), as marked. Solid 
lines, h^ n ‘ aC60 s due to scattering of spin-down electrons off Mn@C6o- Dashed lines, d^ n ® C60 s due to 
scattering of spin-up electrons off MnCDCgo. Dash-dotted lines, <5)? 60 s due to electron scattering off 
empty Cgo- Dash-dot-dotted and dotted lines, the free-atom /-phase shifts upon electron scattering 
of spin-down and spin-up electrons, respectively, off free Mn. 

First, note the values of s-, p-, and /-phase shifts at e = 0. These values, in conjunction 
with the SPHF ground-state configurations of Cr and Mn as well as Levinson theorem, speak 
to that fact that Cr@Cgo and Mn@Cgo are capable of making negative ions. Namely, they 
can bind either an external spin-up or spin-down electron into a s-, or p-, or /-state, but not 
into a state with 0. > 3. The binding properties of Cr@Ceo and Mn@C(jo are, thus, the same 
as the binding properties of compact Ar@Ceo, Xe@Cgo, and N@Ceo- This is interesting, 
because the 4s/(/)-valence electron density of Cr and Mn is subject to a strong drain from 
the encapsulated atom to the C 60 cage, in contrast the case of encapsulated compact Ar, 
Xe, and N (see Fig. [[]), and yet binding properties of Cr@C 60 and Mn@C 60 are the same 
as in the case of Ar@Cgo, Xe@Ceo, and N@C6o- Next, also interesting is that although the 
drain of the valence electron density from encapsulated Cr and Mn to the Cgo cage is about 
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as strong as in the case of encapsulated Ba, the binding properties of Cr@C6o and Mn@Cgo, 
nevertheless, differ from those of Ba@Cgo- Indeed, the Cr@Cgo and Mn@Ceo fnllerenes do 
bind an extra electron into a s-state but cannot bind it into a /-state, in contrast to Ba@Cgo- 

Second, note how differently the s-phase shift d^ 1 ® 0 ® 0 behaves compared to 5^ <S>C60 , 
^Mn@c 60 an q ^Mn@c 6 o a (- i ow ener gi es Namely, d!/ r(aC ® 0 has a well-developed oscillation near 
threshold, whereas h^ r@C6 °, h^ n@C6 °, and d^[ n ® C ® 0 have not. The oscillation in 5^ r ® C6 ° looks 
similar to the oscillation emerging in the s-phase shift 5^ eo at about the same energy. There¬ 
fore, with the independent-scattering approximation in mind, one might think that the oscil¬ 
lation in is due to the corresponding oscillation in 5f 60 . This, however, is incorrect, 

otherwise all other s-phase shifts, namely, <5^j r ® C6 °, <5^ n ® C6 °, and 5^ n ® C6 ° would have pos¬ 
sessed the same oscillation as well. Thus, this is the case where the independent-scattering 
approximation fails to provide the answer to the question. The authors believe that a reason 
for the oscillation in d!/ r ® C60 but its absence in the other s-phase shifts under discussion is 
due to the following. Let us recall that the Cr has the spin-unpaired spin-up subshell 4s/. 
This induces an additional difference between exchange interactions of incident spin-up and 
spin-down s-electrons with the electrons of the Cr atom. Perhaps, this difference, in turn, 
either facilitates (for the s/-electronic wave) or cancels (for the s/-electronic wave) a three- 
wave interference between the corresponding incident s-electronic wave and electronic waves 
scattered off Cgo and encapsulated Cr, near threshold. As a result, 4(/ r ® C6 ° has but 5?®°®° 
does not have the interference maximum (or minimum) near threshold. If the proposed un¬ 
derstanding is correct, then it becomes also clear why neither of the s-phase shifts ^ n ® C ®° 
and <^ n ® C ®° p as the oscillation near threshold. This is because the Mn has both the 4s/ 
and 4s/ electrons in its 4s 2 closed subshell. Correspondingly, there is no difference between 
exchange interaction of incident spin-up and spin-down s-electrons with the 4s-electrons of 
Mn. Therefore, a three-wave interference between the incident s-electronic wave and elec¬ 
tronic waves scattered off C 6 o and encapsulated Mn is presumably canceled (as in the case 
of the s/-wave in e + Cr@Ceo collision). Correspondingly, no oscillation emerges in d^!: 11 ® 0 ® 0 
and h“ n ® C ® 0 . 

Third, note how differently the d/-phase shifts 5^ r ® C ®° and d^ 11 ® 0 ® 0 behave compared 
to the d/-phase shifts 5^. r ® c ®° and <^ n ® C ®°, respectively, at low electron energies. This is 
directly related to the presence of the unpaired 3d 5 / subshell in both atoms. As a result 
(see Figs. I9l and fTOjl . the free-Cr and free-Mn d/-phase shifts 5^1 —> 0 and </!^ n —>■ 0 at e = 0, 
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in accordance with Levinson theorem. In contrast, the free-Cr and free-Mn cLf-phase shifts 
8 ^ — > 7 r and — > 7T at e — > 0, again, in accordance with the same Levinson theorem. Such 

different behavior of 5^®°®° versus <§ r ® Ceo and (^ n ® c ®° versus h^ n ® c ® 0 , in conjunction with 
the independent-scattering approximation, Eq. (fTUjh results in the well-developed low-energy 
minimum only in <5^®°®° and ^ n@C ®°. 

Fourth, note how the phase shift <5^®°®° (Fig. [9]) differs from d^["® C6 ° (Fig. [TO]) . Namely, 
the low-energy minimum in h^ u@C ®° is narrower and emerges at lower energies than the 
minimum in h^ 1@C ®°- This is because, the free-Mn phase shift (Fig. flOl) starts falling 
down to a zero at a lower energy and at a greater rate than <5^ r (Fig. [U]). 

Next, calculated SPHF electron elastic-scattering phase shifts of spin-up and spin-down 
electrons with £ > 4, upon their collision with Cr@Cgo and Mn@Ceo, are depicted in Fig. [Til 



0 10 20 30 40 50 60 0 10 20 30 40 50 60 

Electron energy (eV) 

FIG. 11. Calculated SPHF electron elastic-scattering phase shifts (in units of radian) of spin- 
up and spin-down electrons with t > 4 upon their collision with Cr@C 60 ) Mn@C6o, and C^o, as 
marked. 

One can see that the difference between the phase shifts of oppositely spin-polarized 
electrons scattered off the same fullerene are inessential, when i > 4. Furthermore, note that 
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the difference between the phase shifts 5 ^®" 060 and <^, 4 ®°®° rapidly vanishes with increasing l 
and practically disappears starting at i = 7. In other words, the identity of an encapsulated 
atom inside Cqo is “masked” and cannot be “resolved” by incident electrons, when l > 7. 
Next, note that the phase shifts 5^® C6 ° and 5^® Cf3 ° differ from the phase shifts 8^° A in a 
broad range of energies for all is in question. The implication is that the incoming electrons 
of that energy do “feel” the presence of an atom inside Ceo, but cannot resolve its identity. 

Finally, the spectral density da^/duj, angular-asymmetry parameter /% 4 .), and Stokes 
polarization parameter C 3 t(l)|e= 9 o o of low-frequency bremsstrahlung, as well as the total elec¬ 
tron elastic-scattering cross sections cr e it(t) up° n electron collision with Cr@Ceo and Mn@C 6 o 
are depicted in Figs. fl2l and fl3l respectively. 

Note how total spin-up and spin-down electron elastic-scattering cross sections a e it and 
cr e 4 differ clearly from each other, both in the case of electron collision with Cr@Ceo and 
Mn@Cgo- This is in contrast to the previous case of e + N@Cgo collision for the following 
reasons. First, because Cr and Mn have greater spins than the N atom. Second, because of 
a strong drain of the electron density from Cr and Mn to the Cgo cage, but the absence of 
the drain in N@C@o- 

Next, the differences between a e ^ and < 7 e 4 are seen to be stronger for the case of e+Cr@C 60 
than e + Mn@Cgo collision. This, in turn, is (a) because the spin of Cr is greater than the 
spin of Mn and (b) because the C 60 cage is spin-up “charged” in Cr@C 60 but spin-down 
“charged” in Mn@C 6 o, as was discussed above. 

Furthermore, note that, depending on the electron energy, either cr e 4 is greater than 
cr e 4 or vice verse. Moreover, interestingly enough, the noted feature develops differently in 
e + Cr@C 6 o than e + Mn@C 6 o collision. Indeed, one can see that cr^® C ®° < cr^® C ®° in the 
region of e < 7 eV (with the exception of an extremely narrow domain Ae near the left 
slope of a maximum at e ~ 2 eV), whereas cr^® C ®° > cr^f® c ®° everywhere for e > 7 eV. In 
contrast, a e ^ t n ® c ®° > c^J 1 ® 0 ® 0 in the region of e < 2 eV, but a^ t n ® c ®° < a^ n ® c ®° thereafter. 

Next, note that differences between the spin-up and spin-down bremsstrahlung param¬ 
eters are stronger, both quantitatively and qualitatively, than the differences between the 
corresponding total electron elastic-scattering cross sections. For example, note how an in¬ 
significant, weakly-developed maximum in <r^® c ®° at e ~ 8 eV transforms into a strong, 
broad maximum with a plateau-type top in the dcr ® 1 ® c ®° /doj bremsstrahlung spectral den¬ 
sity. The latter also differs quantitatively and qualitatively from da^ hmG(i0 /dco. 


27 



FIG. 12. Calculated SPHF a~ 3 uj (in atomic units), angular-asymmetry parameter /^n), and 
Stokes polarization parameter C 3 t(i)| 6 »= 90 o of low-frequency bremsstrahlung, as well as the total 
electron elastic-scattering cross section <7 el -m) (in units of 20 aft) upon electron collision of spin-up 
and spin-down electrons with Cr@C6o and empty Cgo, as marked. 

Another noteworthy result is that the depicted in Fig. [I2l Stokes polarization parameter 
^cnaceo^ c h an g es itg s ig n twice in the narrow region of e < 1.5 eV, whereas £Cr@c 6 o^ rema j ns 
always positive. This is in contrast to e + Mn@C 60 collision where both ^' Infi,C6 °j- anc [ 
^Mn@c 6 o| remain always positive (Fig. fT3l) . 

To summarize, one learns from the above discussion that a drain of the electron density, 






























FIG. 13. Calculated SPHF a~ 3 u] da ^ l) (in atomic units), angular-asymmetry parameter /3-m), and 
Stokes polarization parameter C 3 t(i)| 0 = 9 O° of low-frequency bremsstrahlung, as well as the total 
electron elastic-scattering cross section <7 e mn (in units of 20 Oq) upon electron collision of spin-up 
and spin-down electrons with Mn@Cgo and empty CgO) as marked. 


especially spin-dependent drain, from an encapsulated atom to the C 60 cage has important 
consequences. It results in the enhanced sensitivity of e + yl@C 60 collision both to the 
individuality of an encapsulated atom (cp. N vs. Cr vs. Mn) and spin-polarization of an 
incident electron. 
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3. Mo@C m and Tc@Cqo 


The Mo(...4d 5 t5s 1 t, 7 S) and Tc(...4d 5 t5s 1 t5s 1 t, 6 S) atoms have the valence-shell struc¬ 
tures which look similar to those of the Cr(...3d 5 t4s 1 t, 7 S) and Mn(...3d 5 t4s 1 t4s 1 |, 6 S), re¬ 
spectively. However, because of the greater values of the principal quantum numbers, the 
4d/- and 5s/(/)-wavefunctions of Mo and Tc have an additional node compared to the 
corresponding wavefunctions of Cr and Mn. ft is, therefore, interesting to learn about differ¬ 
ences and/or similarities between electron elastic scattering and bremsstrahlung on Mo@Ceo 
versus Cr@C 60 , as well as Mn@C 60 versus Tc@C 60 . 

Calculated SPHF s-, p-, d-, and /-electron elastic-scattering phase shifts of spin-up and 
spin-down electrons collided with Mo@C 60 and Tc@C 60 are depicted in Figs. [H] and [T51 
respectively. 



FIG. 14. Calculated SPHF electron elastic-scattering phase shifts (in units of radian) d^ 0@C60 and 
(i/j 10 ® 060 (l < 3) upon scattering of spin-up and spin-down electrons off Mo@CeO) as well as tf/' 60 
due to electron collision with empty Cgo, as marked. 

Looking at the values of these phase shifts at e = 0, one learns about binding properties 
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FIG. 15. Calculated SPHF electron elastic scattering phase shifts (in units of radian) ^ c ® C60 and 
(i^ c ' aC60 (£ < 3) upon scattering of spin-up and spin-down electrons off Tc@C 60 j as well as <S^ 60 
due to electron collision with empty Cgo, as marked. Also plotted are the free-Tc phase shift 
(dash-dot-dotted line) and <5j^ c = + 6 ^ 60 (dotted line). 

of the Mo@C 60 and Tc@C 60 fullerenes. They appear to be the same as those of Cr@C 60 
and Mn@Cyo- Namely, both Mo@Cgo and Tc@Cgo are capable of binding an extra electron 
into a s-, or p-, or d-bound state, but not into a state with £ > 3, regardless of the spin 
polarization of the electron. This, again, is in contrast to the Ba@Ceo case. 

Next, note that the d^° @C6 ° and d^ c@C60 phase shifts, except for d^ c ® C ® 0 , behave similarly 
to the corresponding phase shifts due to electron scattering off Cr@Ceo and Mn@Ceo (Figs. [9] 
and [Toll . The following two cases of the similarities and differences between these phase shifts 
are particularly noteworthy. 

First, one can see that the spin-down phase shift d^°® c ® 0 (similar to d^ r ® C ®°) has a well- 
developed oscillation near threshold. This is in contrast to the spin-up phase shift ^° ,aC6 ° 
(similar to d^ r ® C6 °) as well as the s-phase shifts <5^®°®° (similar to d^® C6 °). The noted 
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feature admits the same interpretation developed for the s-phase shifts upon electron colli¬ 
sion with Cr@Ceo and Mn@Ceo (refer to the discussion above). Accordingly, the oscillation 
in ^°® C6 ° i s because of the constructive three-wave interference between the incident s),- 
electronic wave and electronic waves scattered off the Mo atom and Cgo, hi contrast to the 
case of st-scattering. 

Second, an interesting feature can be revealed if one inter-compares calculated dj,-phase 
shifts (fj 0 ® 060 (Fig. USD, ^ 0 ® c ®° (Fig.HU), ^ n ® c ®° ( Fi & HOD, and ^T C60 (Fig. ED between 
themselves. Namely, one hnds that ® C ®° has a sharp maximum near threshold in contrast 
to the minima in all other phase shifts under discussion. The origin of the minima in 
^d[ n@C60 and aC ®° was interpreted above. A trial calculation showed that the origin of the 
minimum in h^[° c ' C6 ° admits exactly the same interpretation as well. Namely, in accordance 
with Levinson theorem the free-Mo phase shift drops down to the value of 7r, i. e-, 0°) 7r ’ 

at e — > 0. Then, with the help of the independent-scattering approximation, one easily 
hnds that <^°® C60 , defined as ^°® C60 ~ 5^° + <5^®°, must have a minimum near threshold. 
An attempt to explain the emergence of the maximum in (fjj®® 060 near threshold in the 
similar manner, however, basically fails. Indeed, the addition of the free-Tc phase shift 
(Fig. [T3 dash-dot-dotted line) to 5^ 60 results in the emergence of a minimum rather than 
a maximum in <5^ c + 5^ 60 (Fig. [15l dotted line). The implication is that the independent¬ 
scattering approximation is a poor approximation for the case of the (^-electron scattering 
off Tc@C 60 , at low electron energies. Nevertheless, the maximum in 5^ c ® c ®° seems to have 
everything to do with the behavior of the free-Tc phase shift Sj^' at e — > 0. Otherwise, it 
would be totally unclear why there is a sudden decrease of A^“ C ®° to <^ c ® C60 (0) = 2tt (note, 

2n = Kjf(O) = jt] + [aj»(0) = *•]). 

Next, calculated SPHF electron elastic-scattering phase shifts of spin-up and spin-down 
electrons with £ > 4 upon their collision with Mo@Cgo and Tc@Ceo are depicted in Fig. [16j 

One can see that, similar to the case of electron scattering off Cr@Ceo and Mh@Cgo, 
the difference between the spin-up and spin-down phase shifts is quickly decreasing with 
increasing £ and practically vanishes. The differences in the phase shifts between electron 
scattering off Mo@C 60 and C 60 , as well as between Tc@C 60 and C 60 are decreasing as well, 
with increasing £. Yet, they remain visible for all £s under discussion. 

Finally, the spectral density da^/cLu, angular-asymmetry parameter /% 4 _), and Stokes 
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FIG. 16. Calculated SPHF electron elastic-scattering phase shifts (in units of radian) upon scat¬ 
tering of spin-up and spin-down electrons (4 < i < 9) off Mo@C6o, Tc@C6o, and C 60 ) as marked. 
The corresponding phase shifts due to electron scattering from empty Cgo are depicted as well. 

polarization-parameter C3t(l)|6>=90° °f low-frequency bremsstrahlung, as well as the total 
electron elastic-scattering cross sections cr e it(4) upon electron collision with Mo@C 60 and 
Tc@C 60 are depicted in Figs. [171 and [IH1 respectively. 

One can see that the differences between spin-up and spin-down electron elastic scattering 
as well as bremsstrahlung are greater for e + Mo@Cgo than e + Tc@Cgo collision. This is 
exactly for the same reason as the differences between electron collisions with Cr@Cgo and 
Mn@C6o- This is not accidental, because Mo (similar to Cr vs. Mn), has a greater spin than 
Tc. In addition, Mo (similar to Cr vs. Mn) “charges” the Ceo shell by the spin-up electron 
density whereas Tc does the exact opposite, as was discussed earlier in the paper. 

In view of the above, it is also interesting to compare directly calculated data for e + 
Cr@C6o and e + Mn@Cgo scattering with those for e + Mo@Ceo and e + Tc@C6o scattering, 
respectively (see Fig. fl9l). 

By studying Fig. [19j one arrives at spectacular findings which are interesting in them- 


33 















FIG. 17. Calculated SPHF a ~ 3 (in atomic units), angular-asymmetry parameter and 
Stokes polarization parameter C 3 t(i)|e= 90 o °f low-frequency bremsstrahlung, as well as the total 
electron elastic-scattering cross section cr el -m) (in units of 20 Oq) upon electron collision of spin-up 
and spin-down electrons with Mo@Cgo and empty Cqq, as marked. 

selves. 

First (see Fig. [IDT a), it appears that spin-up electron elastic-scattering cross sections for 
the corresponding pairs of fnllerenes with like electron configurations (Cr vs. Mo and Mn 
vs. Tc) are equal in the whole range of considered electron energies, to almost an excel- 
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FIG. 18. Calculated SPHF a~ 3 u (in atomic units), angular-asymmetry parameter /3^-m, and 
Stokes polarization parameter C 3 t(i)| 6 »= 90 o of low-frequency bremsstrahlung, as well as the total 
electron elastic-scattering cross section cr e it(t) (in units of 20 aft) due to electron collision of spin-up 
and spin-down electrons with Tc@Cgo and empty Ceo> as marked. 


lent approximation, i.e., <7^® C ® 0 = cr^ olSCe0 and cr^ 1 ® 0 ® 0 = cr^ @C6 °. The same is observed 
for the corresponding bremsstrahlung spectral densities as well (see Fig. HH1&), though the 
latter is true only in the electron energy range up to approximately 6 eV. There, indeed, 
da^ T@C6 ° /dw = dcr ^°® C6 °/du and da^ n@c&0 /doj = daJ c ® Ceo / doj , to a nearly excellent approx- 
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FIG. 19. Calculated SPHF electron low-frequency bremsstrahlung spectral density a~ 3 u; (in 
atomic units) and the total electron elastic-scattering cross section (in units of 20 a(j) upon 

collision with Cr@Ceo (solid line), Mn@C6o (dashed line), Mo@Ceo (dash-dotted line), and Tc@Cgo 
(dash-dot-dotted line), as marked. 
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imation. It is only above e ~ 6 eV that the corresponding bremsstrahlnng spectral densities 
starts deviating from each other. 

Second, above approximately 8 eV, a sort of switching occurs between the pairs of 
fullerenes for which spin-up bremsstrahlung spectral densities become nearly perfectly 
equaled. They now “pair” by a principle of the closest proximity in the same row of the 
periodic table: da^® Ceo /duj = daf n ® C60 /du and daf°® C60 /duj = da^ c ® Cm / dco . 

As for collision of spin-down electrons with the discussed fullerenes (see Figs. [T9l c and 
d), the situation there is not so deterministic or simple as for scattering of spin-up electrons. 
In particular, the case of the spin-down electron bremsstrahlung off the Cr@Cgo fullerene 
singles out as a stand alone case. 

4 . Eu @ Cqo 

Eu(...4f 7 /6s 1 /6s 1 > |,, 8 S) is the first atom in the periodic table with the most capacious 
semihlled subshell - the 4/ 7 / subshell. The Eu atom, thus, is an atom with the highest spin. 
Therefore, electron collision with Eu@Cgo represents another interesting case study. 

Calculated SPHF electron elastic-scattering phase shifts of spin-up and spin-down elec¬ 
trons with £ < 3 scattered off Eu@C 60 are depicted in Fig. [201 

First, looking at the values of the depicted phase shifts at e = 0, one concludes, with 
the help of Levinson theorem, that, similar to Ba@Cgo, the Eu@Cgo fullerene is capable of 
binding an extra electron into a p-, or d-, or /-state, but not into a s-state. 

Second, note how the /-phase shift 5^/ aC60 of a scattered spin-up electron differs drasti¬ 
cally from the /-phase shift 5^®°®° of a scattered spin-down electron. The reason for this 
is similar to the reasons for the drastic differences between the d\- and d/-phase shifts in 
electron collisions with the transition-atom metallo-fullerenes discussed above. Specifically, 
this is owing to the presence of the only spin-unpaired /-subshell (4/ 7 /) in the ground state 
of Eu. In accordance with Levinson theorem, the free-Eu spin-down phase shift —* 0 at 

e —> 0. Therefore, the phase shift (Fig. [20 dash-dot-dotted dotted line) is decreasing 
with decreasing energy e. Starting at e ~ 15 eV, the rate of the decrease of <5^“ (CJC ® 0 overtakes 
the rate of the increase of <5^®°, with decreasing e. Correspondingly, in accordance with the 
independent-scattering approximation, Eq. (fl6l) . the phase shift ^“ @C6 ° ^ g^^g 

falling down, with decreasing e. However, at yet lower energies, below approximately 8 eV, 
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FIG. 20. Calculated SPHF electron elastic-scattering phase shifts (in units of radian) d^® C60 of 
incident spin-down (solid line) and spin-up (dashed line) electrons with i < 3 scattered off Eu@Cgo, 
the free-atom /-phase shifts of spin-down electrons scattered off free Eu (dash-dot-dotted line), 
and the phase shifts 5^ 60 (dash-dotted line) upon electron scattering off empty Cgo- 


the situation reverts to the exact opposite. It is now the rate of the increase of h? 60 that 
overtakes the rate of the decrease of <5^. As a result, in accordance with the independent¬ 
scattering approximate, the phase shift starts increasing at e —* 0. Correspondingly, 

the well-developed low-energy minimum emerges in h^ l ® c ®°, depicted in Fig. [20 hi contrast 
to 5^, the free-Eu phase shift (not plotted) steadily increases to the value of tt at e —> 0 
(the latter is due to Levinson theorem). Accordingly, so does the phase shift 5^®°®° as well. 
As a result, the £/“® c ®°(e) and 5^“®°®° phase shifts take drastically different routes at low 
electron energies (see Fig. l20lh 

Third, the differences between other phase shifts with P ^ /, <5^®^ 60 , are seen to be 
small to negligible. This is because the 4/'/ subshcll of Eu is collapsed deep into the 
inner region of the atom. Consequently, exchange interaction between incident spin-up 
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(spin-down) electrons, whose t ^ /, and the 4/^-clectrons is small. This largely eliminates 
differences in the overall impact of exchange interaction on and <5^®^®°, thereby 

making them nearly equal. 

Calculated SPHF phase shifts ^> 4 ^) of spin-up and spin-down electronic waves for 
i > 4 are plotted in Fig. I2T1 



0 10 20 30 40 50 60 0 10 20 30 40 50 60 

Electron energy (eV) 

FIG. 21. Calculated SPHF electron elastic-scattering phase shifts (in units of radian) <^® C6 ° and 
<^ 60 upon collision of incident spin-up (spin-down) electrons, whose i > 4, with Eu@Cgo and empty 
Ceoj as marked. 

One can see that there is littlc-to-no spin-dependence of the phase shifts with l > 4. This 
is in accordance with the explanation provided above. 

Next, note that, for a given l = £ 0 , the difference between 5 ^“®^ 60 and the phase shift 
is increasing with increasing e. This is in line with the corresponding results found 
above for electron scattering off other fullerenes. 

Furthermore, note how the difference between £^>®))®(°) and is decreasing with in¬ 
creasing L Yet, the difference remains quite visible for all fe, similar, e.g., to the cases of 
e + Ba@C 60 and e + Tc@C 60 scattering. 
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Finally, calculated SPHF spin-up and spin-down spectral density dcr^/dui, angular- 
asymmetry parameter /Spp, and Stokes polarization parameter £ 3 1(1)1 0 = 90 ° of low-frequency 
bremsstrahlung, as well as the total electron elastic-scattering cross sections <r e it(t) due to 
electron scattering off Eu@C 60 are depicted in Fig. [55J 



FIG. 22. Calculated data for (a) electron low-frequency bremsstrahlung a~ 3 co^^-, (b) angular 
asymmetry parameter /3|(4.) , (c) Stokes polarization parameter Cst(4') |e>= 90 ° 7 an d (d) total electron 
elastic-scattering cross section <r e i^) (in units of 20 ao) for spin-up and spin-down electron collisions 
with Eu@C 60 and empty Ceo, as marked. 
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One can see that there are energy regions where the electron elastic-scattering cross 
sections, as well the parameters of bremsstrahlung for spin-up electrons differ either little- 
to-none or strongly from the corresponding results for spin-down electrons. This, once again, 
is similar to results of the other case studies discussed above. 

However, what makes the Eu@C 60 additionally exclusive, compared to the discussed 
other fullcrenes, is that both spin-up da^ u&Cm / dco and oy[| @C60 have a well-developed narrow 
maximum at e ~ 1 eV. The latter is absent in the spectra of the other fullerenes. A trial 
calculation showed that this maximum is due to the incident d^-electronic wave. This 
is indicative of the entrapment of the d^-electronic wave inside Eu@Ceo, at e ~ 1 eV. 
Interesting, the maximum is absent in spin-down daf u@Ceo /duo of Eu@Ceo- This observations 
is interesting. It shows that the presence of a bigger-sized soft atom A inside C 60 can result 
in a selective (with respect to the electronic spin and/or orbital momentum i) entrapment 
of incident electronic waves inside A@Ceo, at certain energies. 


IV. CONCLUSION 

The present work has provided the detailed insight into possible features of low-energy 
electron clastic scattering and low-frequency bremsstrahlung upon electron collisions with 
A@C 60 fullerenes gained in the framework of the simple and yet reasonable model static 
approximation. This was achieved by studying the dependence of these processes on the in¬ 
dividuality of encapsulated atoms A and spin-polarization of incident electrons. The chosen 
atoms A were thoughtfully picked out as the typical representatives of atoms of different rows 
of the periodic system. The study has also revealed modifications in binding properties of 
A@C 60 fullerenes, as well as their ability to trap (selectively) incident electronic waves, ver¬ 
sus the size of the encaged atom. Of certain interest is the proposed independent-scattering 
approximation according to which electron elastic-scattering phase shifts upon e + A@Cgo 
collision can be evaluated as a simple sum of the phase shift due to e + Ceo collision and 
the phase shift due to collision with the free atom A, for certain occasions. Results of the 
work identify, at the given level of approximation, the most interesting and/or useful future 
measurements or more rigorous calculations to perform. The present study also provides 
researchers with a wealth of the background information which is useful for future studies 
aimed at elucidating of the significance of dynamical polarization and correlation effects in 
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these processes. The authors hope that results of the present work will serve as the impetus 
for such studies. 
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